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We review the general quantization of scalar fields in curved space-times in the Schro¨dinger
formalism and discuss the determination of the ground-state. By explicitly computing the norm
of the ground-state wave functional, we give an argument for the instability of the ground-state
of a QFT in a semi-classical space-time of Bianchi-type I. We find that this norm is, in general,
time-dependent, and conclude that the ground-state evolution is not unitary.
I. INTRODUCTION
Quantum Field Theory (QFT) in curved space-
time is a useful tool for studying quantum phenom-
ena in the presence of gravitational fields. Albeit
never surpassing the realm of a semi-classical ap-
proximation, in the absence of a complete theory of
quantum gravity, it remains the only reliable way to
investigate quantum phenomena in non-static space-
times. Despite its limitations, the pioneering works
derived a variety of interesting effects, such as the
creation of particles by time-dependent gravitational
fields, and furthered our understanding of quantum
phenomena in cosmological settings [1]. However,
the inherently perturbative setup of QFT in curved
space-time as a quantum theory on a classical, non-
dynamic space-time immediately raises the question
of the unitarity of the time-evolution. This has been
investigated recently, by Ashtekar [2] and Cortez
[3], where it was shown that the time-evolution fails
to be unitary even for simple cosmological models.
This does not come as a surprise, however. The
dispersion relation of the fields is, in general, com-
plex, which immediately leads to a non-unitary time-
evolution. This non-unitarity is not problematic,
as long as the system is dissipative, or technically
speaking, as long as the Hamiltonian generates a
contraction semigroup, as was discussed in [4]. In
this scenario, the interpretation is similar to other
systems with complex dispersion relation, like, for
example, viscous fluids. The background leads to
frictional losses in the field norm over time. Simi-
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larly, if the norm of the state increases with time,
this is indicative of some sort of instability and the
general consensus would be that the chosen back-
ground is no longer appropriate to the physical sit-
uation. In the present paper, we explicitly calculate
the deviation from unitary evolution, showing how
the time dependency of the background inevitably
leads to a non-unitary evolution, in agreement with
the aforementioned results. Furthermore, we show
how the loss of unitarity is directly linked to the
evolution of the background and provide a straight-
forward scheme for computations.
In this article, we consider a special class of space-
times, namely of Bianchi-type I, with line-element
ds2 = dt2 − a(t)2ijdxidxj . They are of great im-
portance in cosmology, since they contain, e.g. the
Friedmann universes and Kasner space-times. These
space-times are globally hyperbolic, admitting a foli-
ation of the space-time into equal-time spatial hyper-
surfaces and thereby a well-posed set of Cauchy data
at every point in time. This enables us to utilize the
Schro¨dinger formulation of QFT [5], which is best
suited for studying the unitarity of state evolution,
as it allows us to follow a system’s evolution from
a fixed initial configuration, by specifying an initial
state. It is less often employed than the standard ap-
proach using causal Green functions in the Heisen-
berg picture, due to the relative difficulty of treating
field theoretic infinities in its non-manifestly covari-
ant formulation. However, the renormalizability of
free and interacting theories has been examined and
proven in a wide variety of contexts, see [6], or per-
haps more immediately relevant to the cosmological
context [7]. While it is less well-suited to quanti-
tative calculations, mainly due to the difficulties in
implementing renormalization procedures, it bears
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2significant advantages to the qualitative analysis of
the behavior of fields on curved backgrounds, as it
does not require the pre-selection of a specific Fock
space [5]. As the notion of particles is somewhat
blurred in this context, this property is invaluable
for the discussion of the phenomena we are inter-
ested in. Another advantage of this formulation is
the relative ease with which we can carry over no-
tions and intuition from standard wave mechanics to
QFT and also the fact that it is possible to construct
functional representations of transformation groups,
in particular the one-parameter time-evolution of in-
terest here.
There are claims in the literature that the vacuum
state of a free scalar field in these space-times, de-
fined as the lowest energy state of the corresponding
Hamiltonian, has a time-independent norm, which
means that the vacuum evolution is unitary [8]. In
this article, we employ the Schro¨dinger formalism to
study the time-evolution of the norm of the wave
functional in these space-times explicitly and find
that the norm of this vacuum state is, in general,
time-dependent. This confusion arises due to the
employment of a calculation scheme that cannot be
made manifestly covariant, leading to a cancellation
in the time-dependences, rendering the norm of the
vacuum state constant.
This article is structured as follows. In Sec. 2,
we review the Schro¨dinger formulation of QFT in
curved space-time with emphasis on the ground-
state functional. We derive equations for its nor-
malization and functional dependence from the
Schro¨dinger equation. We proceed in Sec. 3 to
solve the ground-state functional for Bianchi-type
I space-times and compute the time-dependence of
its norm, which is in general non-trivial. In Sec. 4,
we present possible interpretations of the resulting
non-unitarity.
II. GROUND STATE FUNCTIONAL AND
NORMALIZATION
The Schro¨dinger formulation of QFT is a well-
known tool for quantum field theory in curved space-
time, with many detailed introductions and reviews
found in the literature [5, 9]. It follows by a relatively
straightforward generalization of the usual quantiza-
tion of Hamiltonian systems in quantum mechanics
to a functional description of fields, with the func-
tional Ψ[φ, t] taking the role of the wave function
ψ(x, t). This formalism has the advantage of allow-
ing us to compute finite time-evolutions in a conve-
nient way by considering the wave functional Ψ[φ, t],
or, respectively, its norm, at different times t. We
consider semi-classical scalar QFT in curved space-
times, i.e. we couple a scalar field to a classical grav-
itational background. The Hamiltonian formulation
of general relativity lends itself to our treatment and
we shall thus pass to the well known ADM variables
[10]. However, as we are interested in Bianchi-type
I space-times, which feature a global coordinate sys-
tem, we can already take the resulting Hamiltonian
with lapse N = 1 and shift Ni = 0. The functional
version of the Hamiltonian of this system is then
given by
H(t) = −
ˆ
Σt
dµ(x)
[
1
2
δ2
δφ(x)2
−
ˆ
Σt
dµ(x)dµ(y) φ(x)D(x,y; t)φ(y)
]
, (1)
where we have defined
dµ(x) := d3x
√
qx ,
D(x,y; t) := (−∆ +m2 + ξR)δ(3)(x,y) ,
δ(3)(x,y) :=
δ(3)(x− y)√
qx
,
Σt denotes a 3-dimensional spatial hypersurface in
the 4-dimensional space-time, qab denotes the spa-
tial metric induced by the pull-back of gµν to Σt
and q = det(qab). Here and in the following, bold
vectors will always denote three-vectors on the re-
spective slicing Σt. Let us stress that inherently due
to the semi-classical treatment, and due to the pecu-
liar nature of the second functional derivative as well
as the time-dependence of the background field, we
cannot assume that this Hamiltonian is essentially
3self-adjoint. This is a subtle issue, as the Hamilto-
nian does appear to be self-adjoint for a given hy-
persurface Σt. However, it fails to be a Hermitian
generator of time-translations for all t, that is, the
operators which evolve the fields in time by trans-
porting them from one hypersurface to the next one
cannot be implemented in a unitary manner. This
was demonstrated by Agullo and Ashtekar [2]. As
mentioned before, the Hamiltonian may be accre-
tive, implying it generates a contraction semigroup,
leading to the dissipation of probability to the back-
ground. The explicit construction of the appropri-
ate evolution operators, however, is a non-trivial is-
sue even in flat space-times [11]. Instead, we will
choose an indirect, but much simpler way, to demon-
strate the non-unitarity of time-evolution by study-
ing the norm of a given wave functional directly. We
will see that, for time-independent backgrounds, the
generated time-evolution is indeed unitary and the
Hamiltonian in turn Hermitian, but for generic back-
grounds this is not the case.
The dynamics is governed by the following equa-
tion as an analog to the Schro¨dinger equation
i
∂
∂t
Ψ[φ, t] = −1
2
[ˆ
Σt
dµ(x)
δ2
δφ(x)2
−
ˆ
Σt
dµ(x)dµ(y)φ(x)D(x,y; t)φ(y)
]
Ψ[φ, t] . (2)
Simple power-counting shows that the general
ansatz for a ground-state is the following Gaussian
functional
Ψ0[φ, t] = (3)
N (t) exp{ˆ
Σt
dµ(x)dµ(y) φ(x)K(x,y; t)φ(y)
}
.
Let us stress again that we work with a complex
kernel K, since we do not assume Hermiticity of the
Hamiltonian. The underlying idea is the following:
we specify initial conditions for the field Φ(x) and
the kernel K(x,y, t0) on a hypersurface Σt0 . Then,
all time-dependence will reside in the kernel, in order
to allow us to employ standard functional methods,
without needing time-dependent measures or similar
definitions. To accomplish this, we must allow for a
complex kernel.
Inserting the ansatz into the Schro¨dinger equation
and comparing the coefficients of powers of φ yields
the time-evolution for the normalization factor [8]
i∂t ln (N (t)) = 1
2
ˆ
d3x
√−gK(x,x; t) , (4)
which is solved by
N (t) = N (t0) exp
{
− i
2
Tr(K)
}
. (5)
Here, we defined the functional trace [12]
Tr(K) =
ˆ t
t0
d3x
√−g K(x,x; t) . (6)
The Kernel satisfies the Ricatti equation
i∂t
(√
qx
√
qyK(x,y; t)
)
=
ˆ
d3z
√−gz√qxqyK(x, z; t)K(z,y; t)
−√qxqy
√
−g00(x)(−∆x +m2 + ξR)δ(3)(x,y) .
(7)
As equations (3) and (5) show, all the relevant
dynamics is encoded in the kernel K(x,y; t). Up to
this point, the results agree with [8]. Since we are in-
terested in the norm of the ground-state functional,
we have to compute
4‖Ψ‖2 = |N (t)|2
ˆ
Dφ |G[φ, t]|2
= |N (t)|2
ˆ
Dφ exp
{
−
ˆ
dµ(x)dµ(y) φ(x)Re(K(x,y; t))φ(y)
}
, (8)
with
|N (t)|2 = |N (t0)|2 exp {Tr (Im(K))} . (9)
We can now proceed and try to solve the Riccati
equation for the kernel directly, but for the Bianchi-
type I space-times we will consider in the following,
there exists a much more elegant approach via solu-
tions ϕ(x, t) to the mode equation on the given ge-
ometry. This avenue is discussed extensively in [4].
A remark is in order: The mode functions ϕ(x, t)
should not be confused with the field operators Φ(x).
The mode functions are merely an auxiliary tool,
namely the solutions to the classical field equations,
that allow us to give a closed expression for the ker-
nel K(x,y; t) in certain space-times (e.g. Bianchi-I).
Since these mode functions are classical solutions,
they carry time-dependence. This time-dependence
is completely independent from the Schro¨dinger pic-
ture dynamics of Φ(x). In particular, the measure
of the path integral in (8) is still time-independent,
since Φ = Φ(x). One could avoid making use of
them all-together; however, solving the kernel equa-
tion directly is often more laborious and makes the
treatment of certain limits more subtle.
III. COMPUTATION FOR BIANCHI-TYPE
I SPACE-TIMES
A. Fourier-transformation of the Riccati
Equation
For general space-times, it will, of course, not be
possible to find analytic solutions to Eq. (7); how-
ever, Bianchi I space-times admit a mode decompo-
sition that enables us to employ Fourier analysis in
order to simplify the calculation. In this section, we
will thus specialize to space-times with line-element
ds2 = −dt2 + a(t)2ijdxidxj . (10)
Note that these space-times are translationally in-
variant, so we can simplify
K(x,y; t) = K(x− y; t) . (11)
We define the Fourier transformed kernel as
K(x, y; t) =
ˆ
d3ka
(2pi)3
eika(x
a−ya)Kˆ(k; t) , (12)
where Kˆ(k; t) is the mode function of K(x − y; t),
and insert this into (7) to obtain
i∂t(q(t)Kˆ(k; t) = q
3
2 (t)Kˆ2(k; t)+
√
q(t)Ω2(k; t) = 0 ,
(13)
where we defined Ω2(k; t) = qabkakb − m2 − ξR,
and used the following representations of the delta-
distribution
δ(3)(x− y) =
ˆ
d3ka
(2pi)3
eika(x
a−ya) ,
(2pi)3δ(3)(p− k) =
ˆ
d3za e−i(ka−pa)z
a
.
(14)
B. Solution and Time-dependence of the Norm
of the Wave Functional
Using the aforementioned mode functions ϕ(x, t)
and their Fourier modes ϕˆ(k, t), equation (13) is
solved by
Kˆ(k; t) = − i√
q
∂t ln(ϕˆ(k; t)) . (15)
For the computation of the norm, we will need its
real and imaginary parts, which are found to be
2Re(Kˆ(k; t)) =
i√
q
(
ϕˆ∂tϕˆ
∗ − ϕˆ∗∂tϕˆ
|ϕˆ|2
)
, (16)
2Im(Kˆ(k; t)) = − 1√
q
∂t ln |ϕˆ|2 . (17)
5With this at hand, we find the time-dependence of
the normalization factor
|N (t)|2 ∼ exp
{
−1
2
ˆ
d3x
d3k
(2pi)3
ln |ϕˆ(t)|2
}
, (18)
in agreement with [8].
The evaluation of the functional part of ‖Ψ‖2
is a more subtle issue, since the determinant ob-
tained from the Gaussian integral also depends on
the space-time metric, due to the definition of the
functional integral and determinant,
Det(K(x,y; t)) = exp {Tr (ln(K(x,y; t)))} = exp
{ˆ
d3x
√
qd3y
√
q δ(3)(x,y) ln(K(x,y; t))
}
. (19)
This results in the appearance of a metric factor
when evaluating the trace on the spatial hypersur-
faces. With this we proceed to evaluate the integral
to give
ˆ
Dφ |G[φ, t]|2 = Det
(
2pi
2Re(K(x,y; t))
)− 12
.
(20)
We use Eq. (19) to rewrite the determinant as an
exponential of a functional trace, and absorb time-
independent constants into the normalization. We
evaluate the above expression by passing to the
Fourier transformed kernel Kˆ, which is now simply
a diagonal function of k and t. We obtain
ˆ
Dφ |G[φ, t]|2 ∼ (21)
exp
1
2
ˆ
dµ(x)
ddk
(2pi)3
√
q
(
ln |ϕˆ|2 − ln (iW [ϕˆ, ϕˆ∗])
)
,
where we neglected time-independent terms. Above,
W denotes the Wronskian
W [ϕˆ, ϕˆ∗] := ϕˆϕˆ′∗ − ϕˆ∗ϕˆ′ . (22)
This is different from the result obtained by [8], due
to the manifestly covariant definition of the func-
tional determinant and functional trace. The full
time-dependence of the norm is thus given by
‖Ψ‖2 ∼ exp
{
−1
2
ˆ
d3x
d3k
(2pi)3
ln(iW [ϕ,ϕ∗])
}
.
(23)
Note that, for a constant metric, there is no time-
dependence since the equation of motion has a time-
translation symmetry, hence the time-dependence of
the mode functions results in a phase and thus their
absolute value is time-independent. This is consis-
tent with the obtained result showing that the time-
dependence is only due to the metric, i.e. due to a
non-trivial time-dependence of the underlying clas-
sical space-time. The result is thus that the norm
‖Ψ‖2 of the ground-state wave functional is, in gen-
eral, time-dependent, and a specific choice of space-
time is needed to obtain time-independent ground-
states. An obvious choice is Minkowski space, where
the functional is clearly time-independent, but less
trivial cases include, for example, Rindler space. For
cases in which there is time dependence, interesting
phenomena may occur. For example, it has recently
been investigated that non-unitary evolution groups,
in combination with the probabilistic interpretation
of the wave functional norm, provide a potential cure
for conceptual problems concerning the behavior of
fields near geometrical singularities [4, 13, 14].
IV. DISCUSSION AND CONCLUSIONS
We have shown that the time evolution of the
ground-state functional in the Schro¨dinger picture is
non-unitary in general space-times. However, at sec-
ond glance, this conspicuous result cannot come as a
surprise for a variety of reasons. Firstly, the Hamil-
tonian in a general space-time will fail to be self-
adjoint or even Hermitian [15]. There are numerous
results from ordinary quantum mechanics that may
be generalized to the formal measure space of wave
functionals that we are considering here, pertaining
to the evolution of the norm of the ground-state in
cases where H fails to be Hermitian. In particular,
it is known that if the Hamiltonian and its adjoint
are accretive, H generates a contraction semigroup
6[16]. In this case, which is realized in, for example,
Schwarzschild or Kasner geometries [4], the norm of
Ψ is strictly monotonically decreasing in time. More-
over, it is well known that dynamic space-times lead
to the production of particles and that there is no
time-independent notion of a vacuum accessible in
these contexts [12]. It is thus questionable that the
ground-state, defined as the state void of excitations,
should evolve unitarily in time.
There appear to be three possible ways to rem-
edy this problem of non-unitary evolution. The first
one is to accept the above result as fundamental and
abandon the concept of a unitary time-evolution al-
together. This path has been followed by Hawking
to some extent [17]. This step seems a little too
drastic, but in a lack of a fundamental description
of gravity, it is not possible to discard this option
altogether.
The other, perhaps more inviting alternative, is
to remember that all of the above calculations were
done in the semi-classical approximation. Thus,
backreactions of the background or possible cou-
plings to the gravitational fields were neglected. As-
suming that we initially start with a fully unitary
theory, including gravity, one would expect the ap-
parent gains or losses in norm to be compensated by
gravitational excitations. In this case, this example
may be thought of in a manner similar to the study
of open quantum systems. We think that, in princi-
ple, it is possible to start with a unitary theory de-
scribing quantum gravity and to take our ignorance
of gravitational degrees of freedom properly into ac-
count to obtain a semi-classical, contractive descrip-
tion. For open quantum systems, this is achieved by
performing a partial trace over the neglected degrees
of freedom.
However, how and if the functional above can be
related to the reduced density matrix obtained by
tracing over the “ambient” gravitational excitations
is still a topic of further investigation.
The third option is that this non-unitarity and
semi-classical model is the result of a large N limit
of some microscopic description of the gravitational
field. Recently, a composite model of gravitational
backgrounds was proposed in [18], which obtains
the classical behavior of space-time to first order in
the perturbed metric as an emerging phenomenon of
large occupation numbers of soft graviton modes. A
further investigation into cosmologically interesting
models leads to consequences similar to the ones de-
scribed above [19]. In this model one also observes
the loss of unitarity, as the scalar test particles in-
teract to decohere the background, leading, in this
case, to the so-called quantum breaking.
The possible case of an increase in norm necessi-
tates an external source that can only be provided
by the gravitational field. Should this field act as
either a source or a sink, one must, of course, as-
certain that the chosen background remains a good
description of the underlying geometry. If it under-
goes a transition, the observed effects could well be
an artifact of quantization around a false vacuum.
If the evolution of ‖Ψ‖2 is contractive, one may
regard this to be analogous to the scalar field im-
mersed in a gravitational heat bath. As long as
the non-unitary effects are dissipative, one can ar-
gue that the Schro¨dinger wave functional remains a
useful tool to examine the behavior of fields qualita-
tively.
In conclusion, we explicitly computed the norm of
the ground-state wave functional of a scalar field in a
semi-classical curved background in the Schro¨dinger
formalism. It was shown that such a functional will,
in general, be time-dependent, and the exact form
of the dependence is given by the metric alone. We
then gave an interpretation of this violation of uni-
tarity in terms of an analogy to the theory of open
quantum systems, arguing why this could still give
rise to a probabilistic and fundamentally unitary
theory. However, the precise way of obtaining such
a contractive time-evolution is beyond the scope of
this paper and remains subject of further investiga-
tions.
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